Using the generic model of Vincent and Hill [J. Fluid Mech, 327, 343 (1996)] for phototaxis in a suspension of swimming algae, we investigate two-dimensional phototactic bioconvection in a suspension confined between a rigid bottom boundary, and stressfree top and lateral boundaries. Phototaxis denotes swimming towards (positive) or away (negative) from light. The model of Vincent and Hill also incorporates the effect of shading where microorganisms close to the light source absorb and scatter light before it reaches those further away. The system is governed by the Navier-Stokes equations for an incompressible fluid coupled with a microorganism conservation equation. These equations are solved numerically using a conservative finite-difference scheme. Convection driven by phototactic microorganisms, which are slightly denser than water, has been investigated in a series of numerical experiments. The solutions show transition from steady state to periodic oscillations, and periodic oscillations to steady state to periodic oscillations again, as the governing parameters are varied. The mechanism driving the oscillatory solution just above the critical parameter values is explained.
I. INTRODUCTION
Bioconvection is the name given to spontaneous pattern formation in suspensions of microorganisms due to swimming of the microorganisms.
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In all cases the microorganisms are slightly denser than water and on average they swim upwards (although the reasons for up-swimming may be different for different species). Microorganisms respond to certain stimuli by tending to swim in particular directions. These responses are called taxes, examples being gravitaxis, gyrotaxis and phototaxis. Gravitaxis indicates swimming in the opposite sense to gravity and gyrotaxis is swimming directed by the balance between the torque due to gravity acting on a bottom-heavy cell and the torque due to viscous forces arising from local shear flows. Phototaxis denotes swimming towards or away from light. This paper is concerned with phototaxis only.
Experimental observations have shown that bioconvection patterns in suspensions of single-celled algae are modified by illumination.
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Strong light destroys steady patterns in suspensions of microorganisms or prevents formation of patterns in well-stirred cultures. Light can also modify the shape or size of the pattern. The possible reasons for the changes in bioconvection pattern due to light intensity are the following. Firstly, the microorganisms are strongly phototactic. Most phototactic microorganisms are positively phototactic, i.e. they swim towards the light source, when the light intensity I is below a critical value, I c , and are negatively phototactic when I > I c . 6 Possible mechanisms by which the cells detect light and interpret the signal that they receive are discussed in Refs. 7-9. Thus cells tend to accumulate at optimal places in their environment where I ≈ I c . The second reason for pattern change arises due to shading. Turbidity in the water column causes I to decrease with depth in the natural environment, but cells also absorb and to some extent scatter light, which decreases I further. This latter effect is called self-shading and is the dominant effect in laboratory cultures. In this paper we have considered self-shading only. Self-shading determines the position in the suspension where I = I c . If the volume fraction of cells in the suspension is small and the scattering of light by the cells in the suspension is weak, then the light intensity I(x, y, z) received by an algal cell at position (x, y, z) is given by the Lambert-Beer law: 10, 11 I(x, y, z) = I s exp −α γ n ds .
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Here γ is the straight line segment joining (x, y, z) to the source of light intensity I s , α is the extinction coefficient, and n is the concentration of cells. All the effects of multiple scattering have been neglected, so an algal cell detects light that is reaching to it in a direct line from the source. When the suspension is uniformly illuminated from above, the mean swimming direction is given by
whereẑ is the unit vector in the vertical direction. T (I) is the phototaxis function such that
T (I) depends on the light intensity I reaching the cell and the exact functional form of T will depend on the species of microorganisms. The expression for < p > in Eq. (2) is based on the assumption of purely phototactic cells which receive light from the source directly above. Thus any non-zero horizontal component in the mean swimming velocity, due to the nonuniform horizontal concentration distribution and balance between viscous and gravitational torques, has been neglected. The effects of the polarization and wavelength of light are not considered either. This simple model is a valid limiting case to consider to understand the complexities of phototactic bioconvection before proceeding to more complex models.
For a suspension of finite depth illuminated from above, there is a basic, horizontally uniform, state in which there is a balance between phototaxis coupled with suspension shading and diffusion due to the random component of the cell's swimming motions.
This results in a horizontal concentrated layer of microorganisms (the sublayer), the position of which depends on the light intensity. Only the region below the sublayer is gravitationally unstable; the region above is stable. Therefore, if the whole fluid layer becomes unstable, the fluid motions in the unstable layer must penetrate the upper stable layer. This is an example of penetrative convection which occurs in a wide variety of convection problems.
12
Given the need to photosynthesize, many motile algae are strongly phototactic and thus it is necessary to include phototaxis in realistic models of their behavior. Bioconvection in a suspension of phototactic algae was examined by Vincent and Hill. 14 and due to gyrotaxis by Ghorai and Hill.
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Recently, Hopkins and Fauci
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simulated two-dimensional bioconvection using point particles rather than a continuum model and examined the general effects of a variety of different responses by the microorganisms, including gyrotaxis and chemotaxis, but they did not make specific comparisons with any particular biological system. No numerical experiments have been carried out on a suspension of phototactic microorganisms to date. Therefore we examine phototactic bioconvection in two dimensions using a continuum model.
We study two-dimensional phototactic bioconvection in a layer confined by rigid bottom, and stress-free top and lateral boundaries in the nonlinear regime. The mathematical formulation of the continuum model is described first followed by a brief description of the computational method. The code is validated by comparing the critical Rayleigh number computed using the present code with the linear stability results. This is followed by the numerical results.
II. MATHEMATICAL FORMULATION
The geometry considered consists of a two-dimensional rectangular region of width L and height H referred to Cartesian coordinates (x, z) with the z-axis pointing vertically upwards. Thus the flow is confined to the xz-plane and independent of y.
A. Governing equations
In common with the previous models of bioconvection,
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we assume a monodisperse cell population which can be modelled by a continuous distribution. The suspension is dilute so that the volume fraction of the cells is small and cell-cell interactions are negligible. Each cell has a volume ϑ and density ρ + ∆ρ, where ρ is the density of the water in which the cells swim and ∆ρ/ρ 1. u is the average velocity of all the material in a small volume δV and n is the cell concentration. Supposing that the suspension is incompressible and introducing stream function ψ and vorticity ζ, we get
Neglecting all forces on the fluid except the cell's negative buoyancy, ngϑ∆ρ per unit volume where g is the acceleration due to gravity, the momentum equation under the Boussinesq approximation leads to the vorticity equation
Here ν is the kinematic viscosity of the suspension which is assumed to be that of the fluid.
The equation for cell conservation
where J is the flux of cells. J can be written as
Here the first term is the flux due advection of the cells by the bulk fluid flow. The second term in Eq. (7) arises due to the average swimming of the cells: W c < p > is the average swimming velocity relative to the fluid and W c is assumed to be constant. . The diffusion coefficient D is a constant which is based on the assumption that the diffusion tensor is a constant isotropic tensor. In principle, the diffusion tensor should be a function of light intensity and should be calculated from a swimming velocity autocorrelation function using generalised Taylor dispersion theory, 20, 21 but no complete theory exists for all flows, and this simplification is needed to make realistic computational progress. Experience with bioconvection driven by gyrotaxis [15] [16] [17] [18] suggests that essential features of the flow will be captured.
Assuming that the suspension is uniformly illuminated from above, Eq. (1) for light intensity becomes
B. Boundary conditions
We impose a rigid, no-slip boundary condition on z = 0 and require that both the normal velocity and tangential stress vanish on z = H. Also there is no flux of cells through z = 0, H. Hence
We require that both the normal velocity and tangential stress vanish on the side walls and no flux of cells through them, thus
C. Scaling of the equations 
and
where the flux of cells is
Here
is the Rayleigh number. Also < p >= T (I)ẑ with I given by
where κ = αnH measures the strength of the absorption.
To estimate the various non-dimensional parameters, we assume that we are dealing with a purely phototactic microorganism, otherwise similar to Chlamydomonas. Typical values of these parameters are given in Table I based on estimates given by Kessler.
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The estimate for the extinction coefficient α is not available at present. However the non-dimensional parameter κ is proportional to α. Thus the effect of α can be studied by taking different values of κ.
Equations (11)- (14) have to be solved in the region 0 
and ψ = 0, ζ = 0, and J ·x = 0 at x = 0, λ.
The boundary conditions (16) and (17) (16) and (17) also allows us to use finer meshes at high Rayleigh numbers since the computations are being carried out on half of the solution domain.
The initial conditions are that of a uniform state together with a sinusoidal perturbation to a uniform concentration of cells of the form
where = 10
. The perturbation is applied for computational convenience to ensure that one convection cell develops initially in the domain. Note that even if we do not apply a perturbation, rounding errors generate perturbations which initiate a single convection cell solution at an early stage, whenever the system is unstable.
III. NUMERICAL PROCEDURE
The governing Eqs. (11)- (14) are discretized using a conservative finite-difference scheme 24 on a staggered mesh with the stream function and vorticity stored on one set of nodes and the cell concentration stored on another set of nodes. The grid is chosen so that the concentration nodes lie in the interior only, whereas those of the stream function and vorticity lie in the interior and on the boundary of the domain.
The advantage of the staggered mesh is that the no-cell flux boundary condition can be satisfied immediately when discretized without further approximation. We have used the well-known Woods' formula 25 for the vorticity value on the boundary. This is obtained by expanding the stream function near the rigid surface using a three-term
Taylor series expansion and the no-slip condition
where ζ nw , ψ nw are the values of ψ, ζ at the near-wall node (adjacent to the wall) and ∆n is the non-dimensional distance of the near-wall node from the wall.
An implicit scheme with Euler backward differencing in time and central differencing in space is used to discretize the governing equations. A line-by-line tridiagonal matrix algorithm with relaxation is used to solve the discretized equations. Some of the results were run with different numbers of grid points to check the grid independence of the solutions.
IV. LINEAR STABILITY OF THE BASIC EQUI-LIBRIUM STATE
A. Basic equilibrium solution
Equations (11)- (14) possess a steady solution in which ψ = ζ = 0 and the concentration profile n p (z) is independent of x and satisfies
Equation (20) is supplemented by the cell conservation relation
In terms of the new variable
with boundary conditions
Here I is given by
Equations (22) and (23) constitute a boundary value problem which is solved numerically using a shooting method. Figure 1 shows two typical taxis functions of different critical intensities and the corresponding concentration profiles. The taxis functions were generated by superimposing the following sine functions. 
In this case the steady-state cell concentration satisfies
subject to the cell conservation condition
Here d = V c Λ I c κ is a new constant. The unique solution of Eq. (25) can be obtained analytically as
where K is a constant determined (using Eq. (26)) from the equation
The concentration profile in Eq. (27) is different to that of Vincent and Hill 
C. Code Validation
To validate the bioconvection code, we now perform a linear stability analysis of the basic equilibrium solution. We introduce a small perturbation to the equilibrium solution ψ = ζ = 0 and n = n p (z) and the perturbed quantities are substituted into the governing equations and boundary conditions. Linearizing about the equilibrium state and resolving the perturbed quantities into normal modes produce linear stability equations.
The linear stability equations are solved using a fourth-order finite-difference scheme, A. V c = 10
The representative values of I c and the corresponding static equilibrium concentration profiles are shown in Fig. 3 . It shows that the concentration profile becomes steeper for the higher value of κ when other parameter values are kept constant. Table II shows the critical Rayleigh numbers and the wavelengths for these values of I c .
• Absorption coefficient κ = 0. The evolution of central concentration, n mid = n(3/4, 1/2), at the midpoint of the domain is shown in Fig. 7(a) . The equilibrium solution becomes unstable around t = 3. After some transient oscillations, the solution becomes periodic. The fluctuation of n mid in 6 ≤ t ≤ 10 (see Fig. 7 (a)) corresponds to the periodic solution. The reason for observing this periodic solution is that the most unstable mode at the critical Rayleigh number is overstable, i.e. oscillatory (see Fig. 7(b) ). The oscillatory mode at the critical state persists at R = 1.5R c , and in Fig. 8 we show one cycle of oscillation of this solution.
The mechanism of the oscillations is explained as follows. If the Rayleigh number is near the threshold, the concentration contours will be horizontal with the maximum concentration located near z = 3/4. Thus the region above the maximum concentration level will be stable and the region below will be unstable. Since R = 1.5R c is above the threshold value, the convection in the unstable region penetrates the upper stable region. Figure 8(a) shows a clockwise convection cell extending throughout the domain. 
VI. SUMMARY OF RESULTS
All the results presented in the previous section are presented in Table III The experimental study of phototactic bioconvection presents some difficulties and, peak of the basic equilibrium concentration profile for these parameters is near the three-quarter height of the domain (see Fig. 3(a) ). The basic equilibrium concentration profile is shown in Fig. 3(a) . The instantaneous streamlines are plotted at equal intervals of time and the period is approximately 0.17 in non-dimensional units. the basic equilibrium concentration profile for these parameters is near the mid-height of the domain (see Fig. 3(a) ). New counter-rotating cells appear with increase in the value of R prior to the periodic state. 
